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We consider sgn roots of unity and define a class #%.(U,, f) of rational func-
tions which interpolate a given analytic function / on U,, a large subset of the roots
of unity satisfying a congruence relation. f is then approximated over #%.(/. U}
with respect to /;-norm on the complement of U,. We also discuss Walsh type equi-
convergence, ' 1995 Academic Press. Inc.

1. INTRODUCTION

Let n, denote the family of all polynomials of degree <s, and let
L,_(z. fYen,_, denote the Lagrange interpolant to a function f analytic
in the region |z| <#x, > 1, at the » roots of 2" =1. It is well-known [7]
that the best /,-approximant to f from 7, _, over the set of the »n zeros of
z"—1is L, _\(z, /). During the last decade several papers have appeared
on discrete least squares minimization problems considered over a large set
of the primitive roots of unity. In [3] Rivlin noted that the (#—1)th
degree polynomial which solves the problem

qre - 1

min Y |flo')—p@")]’,  w”=1,¢21 (L1)
PETm- 1 k=0
is essentially S, [z, L, ((z, f)], the (n—1)th degree Taylor section of
the polynomial L, (z, f). In a different direction Sharma and Ziegler
considered the following question [4]: If £(f, U,) denotes the class of all
polynomials of degree <ng(s— 1) +n— 1 interpolating / on the set

U = {(u" cv=1,2, .., sqgn;v# 0 (mod s); 0" =1}, (1.2)

find the solution to the problem

gn -1

min Y [f(A)— QAN Ar=11¢U,. (1.3)

Qe s o [T
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They discovered that the solution QX(z, f)e L(/f, U,) to (1.3) is given by

Q:f(:,fv):L*(:,f‘)-{'— W\'(:)Snﬂl[:‘ an I(:a g)] (14)

where L*(z, f) is the Lagrange interpolant of degree ng(s—1)—1 to / on
U,, g{z):=s"'[f(z) = L*z f)] and

Wz)=(z""—1))z"—1). (15)

The aim of the present note is two fold. First, we develop a variant of
the minimization problem (1.3) replacing #(f, U,) by a class of certain
interpolatory rational functions. The second problem to be discussed here
is related to Walsh-type equiconvergence. This topic has attracted many
mathematicians in the last decade. For the background we refer the reader

to [2]-[6]

2. PRELIMINARIES AND STATEMENT OF PROBLEMS

We denote by 4,, 1 <p < oo, the class of functions analytic in |z <p
with at least one singularity on |z| = p, and set

N=gn(s—1) and N*=N+n+m (2.1)

where s> 1, ¢ > —1 are fixed integers. For a given o> 1, let #], denote
the class of rational functions #(z) of the form

rz)=p(z)/(z"—0a"), pen,. (2.2)

With the set U, defined in (1.2) and an fe 4, let #7 (f, U,) denote the

subclass of rational functions re #7, which interpolate f on U..
We shall consider the following problems:
(P) For a given fed, p>1, find the rational function
RX%. (2, Y e #%. (f. U,) which solves the problem

gn—1

min Y [fO)-RODE Br=11¢U, (2.3)

Re AL (fU) v=0

(Py) Hrys ,(z, f)e AL, minimizes f€ 4, on [z| =1 in the L,-sense
over the class #7%. , ([5], (1.4)) and if R%. (z, f) is the solution of (P),
what is the region of convergence of the difference

Rx"‘.n(‘:a ,/l)_rN".n(:* ./) (24)

to zero as n— o0?
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Remark 2.1. When s=1, the solutions to the problems (P,) and (P,)
are provided in [1]. For the justification, it is enough to note that the set

U, which consists of the zeros of W (z) is empty for s=1.

3. SoruTtioN oF (Py)

In order to solve the problem {(P,), we need an expression for the

Lagrange interpolant of the function
(3.1)

h(z) =57 flz) = R 1= )]

where R% _, ,(z, f) is the rational function in #%, _, , which interpolates f
on U,. More precisely, we need the following Lemma:

LemMMa 3.1, Ifs=2and g= | are fixed integers and if

g—1 n—1
anfl(:- h)= Z Z (.V+j”:v+jn (32)

j=0 v=0
is the Lagrange polynomial of degree gn — 1 which interpolates the function
h{(z) at the roots of - =1, then

n—v—1 [lf/\j)n—vv—ll /‘(”
. 1 33
td” _ l W\(t) d ( )

_1 - [ Aolg)t
Cv+j"_§—7;-'l‘ JREESID

where I is a circle [tj=n, l <np <p and
solg) i =a?/(1 —a™). (3.4)

In order to establish (3.4), we first find L,, ,(z, R} _, (= f)).

Proof.
Since
1 ("—a") G(t,z)
* ot = —_— —————— .
RN\,_,.(-‘f)—sz i (3.5)
where

G, 2= N TAD),
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it is enough to evaluate L, ((z, G(1, z)/z" —a"). It is easy to see that

tran _ ~van

L(/nfl(:" G(L_’_’)):Z L(/n l(‘-‘" [— = ):

g o - 1 £

v="0 =2 " —1
B r([n L 15 _ 1 s
- {— = an_ 1)2 PN
_ 17—z W) N
- {—- ,qu . 1 r(/n _ l N
Therefore,
Gle, z)
L, (:, H,(,f” > =506, 2)—8,(¢, 2)
where we have set
} W\(f) : [qn _:qn l
Sl(’w~):;;l,,—;_qunfl - P .Z”—O'”
(3.6)
g —) _ s ) 1 i 1
2( i I g1 = {—= :n_o_n
It follows from (3.5) that
an — I(:* Rt - l.n(:* f)) = 11(:) —]2(:) (37)
where
1L ¢ ("=a") f(1)
I(z)=— e S o) dt
1(2) i fl' W (1) W1, 2)a
and
1 o ("—0o") f(1)
Lizy==-—| ~ "85t z) dt.
9= 354, win oAb
Since

([qn — )( " — o.n) pm ( m— :n)( t(/n _ :([ll)

(t—z)Nz"—06")  t(—z (t—z)z"—a")
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we have

her=; frwdt

T 2mide (1= —1)

gn _ qn n__ .n
PR 0 an,,<:,“ MillS) ‘)>dz. (38)

2ri 1 —1 (2—z)z"—o")

The second integral in (3.8) vanishes because

f0) < (rq"—:"")(r"—:")> S =z
gn— 1

STU=aE = )i —a"

Therefore,
Il(:)qunVl(:s f) (39)
Similarly,
L(z)=6(z)+14(2) (3.10)
where
s ¢ flo =
13(-)—5;1.1’1‘(“,"_1 Lqux (—, PR >dt
5 gn—1 f(f) rm
=— zv e, 1
2mi 2, J e G4
and
s ¢S (r‘f"—:‘/")(z"—:"))
)= z d
Lz) 2ri 2 — 1 q"'( (t—z)"—a™) !

Since L, (z, 1/z"—o")=(a?” "1 —a?) X 1_ z"/o”, it is easy to see
that

f{l) qg—1 nflinf»ul:jn+v

A
1) =500 | i

X j=0 v=0

where A,(q) is defined in (3.4). Combining (3.7) with (3.9)-(3.10) we obtain

an— I(:v R‘*’\"fl,n(:* f)) = L{/n— 1(:* Af) - I}(:) —14(:)'

64083210
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Using (3.1), we observe that

an, l(:a h) zsil[anv ](Z, f) —_anfl(:* R;kv’fl,n(z’ f))]
=5 '[1(5) + L)),

Finally, the substitution of the values of I5{z) and I,(z) from (3.11)-(3.12)
in the above relation establishes the equation (3.2) for which the coef-
ficients are given in (3.3). |

Now we proceed to determine a solution of the problem (P,). First we
note that any rational function R(z)e #7%. (f, U,) can be expressed as

R(z)=R% .z /1+ W(z) B(z)

for some B(z)e #; . Here R} _,,(z, f) is the rational function used in

{3.1). Since W (A"} =s for any solution A of z*" =1, 1t follows that

A7) = RUDIZ = | f0) = Ry (3%, /) — sBUAY) 2
= |sh(A*) — sB(A")|.

Thus the problem (P,) is equivalent to minimizing

gn — 1
Y h(w')— B(w"))?, w"=1, (3.13)

v=40

over all rational functions Be #7 , ,. This problem had been solved by
the author in [1]. In fact, if L, _(z, &) ;=Y 'c,z" then ([ 1], Proposi-

tion 1)

n+m
BY iz h) = Z 7,2%/(z" —a”) (3.14)
vr=0
will be the minimizer of (3.13) over #7_ . , where
(qu)n(l _O_Zn)q~l )
=60 T L 0 M OSvsm
j=1
{g—1n 2ny g -1
o (1 —0ac"") »
T, = Tl xem S o7, s m+1<v<n—1 (3.15)
i=0
2g - 1)n 2ny g1
o (1—0"")
C‘,,n——l—_w Z o7, ot HEVEHEM

j=1
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Now the description of ¢;s given in Lemma 3.1 can be applied to t,’s for
the explicit representation of B} (z, h). Thus

n+mn

vaa'"(:, _f) = R],'\Ei*l,n(zx .f) + Wy(:) B:+n1,;1(:v h) (316)

is the rational function in #%. (f, U,) which provides the desired solution
of (P,).

Remark 3.2. The relation (3.15) reduces to 7, =(1 —¢")c,, 0<v<n—1
when ¢ =1 and m = — 1. Thus, the rational function B}_, (z, ) turns out
to be [(1 —a")/(z"—a™] L, _(z, k). Consequently, the solution (3.16) to
(P,), 1n this case, bases entirely on the interpolatory character of the
rational functions R¥% | (z. /) and B} _| (z, h).

n—1.n

4. SOLUTION OF (P,)

The problem (P,) deals with Walsh-type equiconvergence. Here we shall
provide its solution and note that it extends an earlier result due to Sharma
and Ziegler {[4], Theorem 1). In order to avoid lengthly expressions in the
calculations, we shall discuss the problem (P,) for m = —1. However, the
solution stands valid for any integer m < — 1. More precisely, we prove

THEOREM 4.1. Let s22 and q=2 be fixed integers, and let N .=
(s—l)gn If feA,, 1 <p<oo, and a>1 then (cf. (24))

hm {Rx’-#n~lvn(:1f) '_rN+n fl.n(:uf)} :0* VZEDH (41)

n—

where D, for ¢ =23 is given by

(1) {:e%:‘zl<pl+ls°(,vAl)} If O.qu~l
(if) {ze%:|z|<p' Vo9 gltsmhy o) 2} if p<o<pi!
(i) {zeb:|zl<p-a? 1 |z| #a)} if o<p,

and for q =2, D is given by

(1) {:E(g:l:l<p1+ls‘1xf]i} 1_/ O,pr
(") {:E% . IZI </)l +3”2“'73’~a’1"’(3_2‘”, I‘:' ?’—‘0’} lf p<0_<p.\'
(ili) {ze%:lzi<p o'~ |zl #a} if o<p.

Moreover, the convergence is uniform and geometric in any compact subset
of region D,.
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The proof of the above theorem requires integral representations of the
rational functions RY ., _,,(z f) and ry_, _, (2, f) together with some
estimates which we describe below as remarks.

Remark 4.1. It is known that ([5], (1.4))

1 t"—oa" k(t)—k(z)
 fl=7 ‘ d 4.2
rN+nfl,n( f 27[1.«[.1“2”—0"1 k([) (4 ( )

where I"is a circle |t =p', 1 <p'<p, and
K)y=tN("—ao™ ") (4.3)
Remark 4.2, 1If we set

O’“I‘”n(l _O,Zn) 1 —(0’[);(/"
= = 44
% 1+ g7 S l—(et)™" (44)

then using (3.3) we can write

q—1 ] 1 f(l) P 14n
L S [ LA i | P
./g()a (V+J" 27ti'(l'tv+lWy(t) {o.n O(q)+tq""_l 2} dt

where Ay(g) is given by (3.4). Thus the numerator of the rational function
BX_ | {z, h) (cf (3.14)) can be expressed as

LS (r oy
2= z 3,8y ———dt. (45
Z,® 2nfer,¢(z>{a"‘5‘ O(th""—la‘o‘}t"(r—z) )

Remark 4.3. Due to the interpolatory properties of the rational function
R¥%_.(z, f) (cf (3.1)) we have the following integral representations:

1 f oot W-Wiz) f2) (4.6)

* z =— . .
Bz f) 2nidpz" —o” W(t) t—z

Remark 4.4. Since ¢ >1, we have the following estimates (cf. (44),
(3.4)):

8,1 20(q)=0"(1 =)+ O(g 2 *")

(4.7)
" —2n __ 1
J140(q) =‘—a;‘,(,£——_7,—')*+ O(g~"*7).

The above remarks bring us to the
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Proof of Theorem 4.1. From (4.2), (4.5), and (4.6) we can write

R?\‘/+n41(2’ f) _—rN+nw1(:a f)

:_1_,L S {K\,z,0)+ Ky(t,z,0)— K3(t, z, 0)} dt (4.8)

2nidrt—:z
where
} _k(:) "—o"
K'("“’U)—k(t).z"—a"’
W(:) ] tn tqn
(1, 2, 0) =—>". — 3,0, —(t"—0c") },
Kalt.z.0) Wit z" a”{a"é'i‘)(q)-'—tq”—l 1927 J)}

Wz) 1 " ez
t 2 o) =) ) B NN
Kt z.0) W) " —ao" {a" 'i(’(q)+tq"—1 l '} t"

After the cancellation of suitable terms and using (4.7) together with the
estimate W (z)/W (1) = O(z"/t") we notice that

N R
Kz(t,‘, 0’)=._"7(I 0<t—ﬁmax {—OTZ—;’W’;—;}> (49)

“ n

Similarly, a detailed analysis with appropriate cancellation of certain terms
of higher order leads us to

Kl(ts Z, 0-) ‘K}(I, s d)

1 v 1 1
= 0 —_— _—
z”-a"{ (t”max {a"’ItI"D
ZN+" 1 l 0'" 1
O N _—-’ ___.—-—-—, M’F‘T—
+ < tN max {ltlsqn ltlno.n \tlsqurh O...n})

:N—qn+n O.n

Thus, from (4.9) and (4.10) we can write

Ki{t,z,0) + K51, z, 0) — K;(t, 2, 0)

' oy or+ oy

n n
z —a
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where

Sy =2)gn+n

"
_—'———[“7“([" — max {1, W},

zl.\'*l)qn |t|(q+ 1) |t|z]n
T,= " max {—-——— |t|"’"'",a"},
g

= t sqn 2n o n
T :(x —bDgn+n 1 1 a.n l
= max -
3 F— : .
t(.\ Lgn IIIA(IH’ I[|n G,n’ Itl.&qn+11’0_2n

After considering various cases for ¢ separately for the integers ¢ > 3 and
g =2, we analyze the order of the terms T, T,, T,. This leads us to the
determination of different regions of convergence for (4.8) as desired in the
theorem. §

Remark 4.5. Theorem 4.1 does not consider the case when s=1 or
g =1. These cases are already settled in [1] and [5], respectively. It is
worth mentioning that problem (P,) entirely deals with /,-minimization if
s=1, whereas it reduces to an interpolation problem when ¢ =1.

Remark 4.6. 11If we let ¢ — oo in Theorem 4.1, we retrive a result of
Sharma-Ziegler ([4], Theorem 1).

5. GENERALIZATION OF PROBLEMS P, aND P,

The problem P, discussed above involves the nodes distributed uniformly
on the unit circle. We may formulate this problem in a more general setting
where the nodes are selected on the circles of radii « and B with
max{a«, f} <p. The underlying idea in this set up is due to a result of
Lou Yuanren [8]. We conclude our paper with the following generaliza-
tion of problems P, and P,:

(P¥) Let 0 <a<p be a real number. Consider the zeros of z9 — o™
and divide them into two disjoint sets U, , and V,, where V, = {set of
zeros of z#—a?} and U,,={set of zeros of polynomial W_,(z)=
(29 —a9)/(z" —a?)}. Then #V,,=ng and #U,,=N:=gn(s—1)
where # V denotes the cardinality of a set V. If 6> 1 is any real number,
let R% ..., denote the class of rational functions of the form
p2)(z"—e"), p(z)ery ., o m- We shall denote by R, (z, f) the sub-

N+m+na
set of rational functions from the class Rf_, ., which interpolate
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flz)eA,, p>1, on the set U, ,. The problem is to determine the rational
functions R(z, a, f) € R%, which minimizes.

N+ m+no

gn—1

Y |f(aw*) — R(aw*, f)|, w™=1. (5.1)

k=0

(P¥*) In this problem, we replace the set V,, by V , where 0<
a # f# < p and seek the rational function R(z, «. 8, fYe R%, . ., ...(2. f) such
that it attains the

gqn—1

min Y [ (B*) — R(feo¥, F)2, ¥ =1. (5.2)
k=0

(P¥)y If ryomonzfVERS,, ., minimizes the difference

|f(z) = 7nsmenlz f)] In the L*norm on |z]=1, we want to find the
regions of equiconvergence of the difference |ry . ,,. (2, f)— R(z, a, f)] and
1o sl Y — Rz, o, B, )] respectively.
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